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Hybrid Č erenkov mode in a resonant medium

Levi Schächter*
School of Electrical Engineering and Laboratory of Plasma Studies, Cornell University, Ithaca, New York 14853

~Received 23 December 1999!

Energy stored in a resonant medium may be used to amplify the Cˇ erenkov radiation generated by a small
driving bunch. The hybrid eigenmode of the system is a combination of Cˇ erenkov radiation and eigenmode of
the resonant medium. In the vicinity of the resonant frequency of the medium and when Cˇ erenkov condition is
satisfied, the eigenfrequency has an imaginary part. The latter occurs in a relatively limited range of energies
of the driving bunch and it depends on the guiding geometry and on the population inversion. Simulation
results of electron acceleration using this eigenmode are presented.

PACS number~s!: 41.60.Bq, 42.50.Gy, 96.50.Pw, 41.75.2i
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The present generation of accelerators is driven by mic
wave radiation that is injected either in cavities or in a pe
odic structure where they accelerate the particles. Requ
ments of a future system, namely, high-energy, compactn
and cost, impose gradients that are at least one order of m
nitude higher than today’s gradients. This translates int
surface electric field approaching the 1-GV/m level that,
turn, is very difficult to sustain without occurrence of brea
down.

In order to overcome this limitation it was suggested
utilize a concept introduced first by Tajima and Dawson@1#,
that is, to accelerate electrons by a space-charge wave
propagates in plasma. The various schemes being inv
gated may be divided into several categories according to
driver. The latter is the energy supplier: in the case of a la
wake-field acceleration~LWFA! @2–11# this is a short and
intense laser pulse, for a plasma beat-wave acceler
~PBWA! @12# these are two long laser pulses oscillating
slightly different frequencies, and in the case of plas
wake-field acceleration~PWFA! @13–16# the driver is an in-
tense electron pulse.

Another acceleration scheme that is related to that con
ered here, and to some extent to those previously discus
is the Čerenkov wake-field acceleration~CWFA!. In this
case a driving bunch is injected in a vacuum tunnel o
dielectric loaded waveguide. The Cˇ erenkov radiation gener
ated by this bunch may be used to accelerate@17# another
bunch that trails behind. All the initial energy is initiall
stored in the driving bunch and is converted into an acce
ating field by thepassivedielectric structure.

In the past we suggested@18,19# to combine the concep
of a wake-field associated with a bunch moving in a diel
tric medium with the principles that enable the operation o
laser. Its essence was to inject a bunch of charged particl
an active medium and, in this way, energy stored in t
medium can be transferred directly to the moving particl
This scheme was called particle acceleration by stimula
emission of radiation~PASER! and it may be conceived a
the inverse of Frank-Hertz effect. For the regime correspo
ing to the Frank-Hertz experiment, namely, a single electr

*On sabbatical from the Department of Electrical Engineeri
Technion-IIT, Haifa 32000, Israel.
PRE 621063-651X/2000/62~1!/1252~6!/$15.00
-
-
e-
ss,
g-
a

-

hat
ti-

he
er

tor
t
a

d-
ed,

a

r-

-
a
in

.
d

d-
-

atom collision ~in average!, the phenomenon was demon
strated experimentally a long time ago@20#; the efficiency of
the accumulative process is yet to be proven experimenta
More recently, we have shown theoretically@21# that the
wake generated by a~driving! bunch moving in an active
medium may be amplified by the medium and then used
acceleration of another bunch that trails many waveleng
behind. This mechanism has the advantage that the long
dinal electric field is inherent to the excitation mode contra
to the regular ‘‘vacuum’’ mode that its longitudinal electr
field is limited by the Rayleigh diffraction length. This las
problem is partially solved in LWFA by generating plasm
channels that facilitate focusing of the laser field over seve
Rayleigh lengths@2,3,5,9#.

Using an active medium for particle acceleration sugge
that this mechanism may be conceived as theinverse laser
effect. In the past, a variety of mechanisms, which in ‘‘na
ral’’ conditions generate radiation, were considered for
celeration of particles. For example, Palmer@22# suggested
what is today known as the inverse free-electron la
~I-FEL! @23#. A similar scheme was suggested by Pantell a
co-workers@24# but in this case with Cˇ erenkov radiation and
finally, the Smith-Purcell effect@25# may be used to acceler
ate particles@26#. An overview of many of the schemes me
tioned here may be found in Ref.@27#.

In this study we analyze the hybrid eigenmode that le
to the amplification of Cˇ erenkov radiation. This mode is use
for electron acceleration since inherently@21# it has a longi-
tudinal electric field; the characteristics of the accelerat
are also investigated.

Envision a gas that its dielectric characteristics may
represented by the following frequency-dependent dielec
coefficient:

e~v!511(
n

vp,n
2

v0,n
2 2v212 j vv1,n

, ~1!

where v0,n are the resonance frequencies of the mediu
v1,n is associated with the loss parameter in the medium
it is responsible to the attenuation of an electromagn
wave when the medium is not inverted. The numeratorvp,n
is the angular plasma frequency associated with the den
of atoms that have this specific resonance~n!; in the case of
an inverted mediumvp,n

2 is negative. Several comments a
,
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in place before we proceed: first, it is tacitly assumed in t
expression that the resonances are sufficiently apart from
another, i.e.,v0,n@v1,n . Second, only linear effects are co
sidered and third, the time dependence of the field is acc
ing to ej vt. As a typical medium we may consider the am
monia that was the medium used for the first maser; it ha
resonance at 23.87 GHz and its typical linewidth@28# is less
than 10 kHz. In what follows it will be assumed that this g
fills uniformly an azimuthally symmetric waveguide of ra
diusR. The assumption that the electromagnetic wave is c
fined by a waveguide does not affect significantly the res
to be presented here but it simplifies the analysis. Conce
ally similar results may be anticipated for CO2, argon, or
neon. Moreover, the energy may be stored in a solid-s
medium and the driving bunch may move in vacuum, in
vicinity of the medium, and still the wake will be amplified
thus eventually it may be used for acceleration. In fact
population inversion may be substantially easier in so
state systems with current diode-laser technology compa
to flash-lamp or discharge excitation in the case of gase
medium.

In the center of the cylindrical waveguide a charg
bunch~q! is moving at a constant velocityv. For simplicity
we shall assume that the size of the bunch is much sm
than the wavelength at resonance and smaller than the ra
of the waveguide; therefore, the current density associa
with its motion may be approximated byJz(r ,z,t)52qd(z
2vt)d(r )/2pr . This current density generates an elect
magnetic field that may be derived from the magnetic vec
potential given by

Az~r ,z,t !5
q

4pe0R2 (
s51

` 4J0S ps

r

RD
J1

2~ps!

3H 1

2p E
2`

`

dv
ej v~ t2z/v !

v2@e~v!21/b2#2vc,s
2 J ,

~2!
l
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where ps are the zeros of the Bessel function of the ze
order and first kind, i.e.,J0(ps)[0, vc,s[cps /R is the cut-
off angular frequency of thesth mode andb5v/c. For
evaluation of this expression we assume that the radius o
waveguide is chosen such that at the resonance frequen
the medium there is only one propagating mode, i.e.,s51. In
addition we assume that there is only one inverted state (n0)
in the system therefore the dielectric coefficient may be w
ten as

e~v!.e r1
vp,n0

2

v0,n0

2 2v212 j vv1,n0

, ~3!

wheree r[SmÞn0
vp,m

2 /(v0,m
2 2v0,n0

2 ) and we ignored losse

at other resonant frequencies. In what follows we shall d
the index of the resonant frequency. Based on these assu
tions we may simplify the integral in Eq.~2! to read

FIG. 1. Imaginary and real part of the eigenfrequency of ea
one of the four eigenmodes.
F~t![
1

2p E
2`

`

dv
ej vt

v2@e~v!21/b2#2vc
2 .

1

2p E
2`

`

dv

ej vt@v222 j vv12v0
2#

1

ē r

v422 j v1v32v2Fv0
21

vp
21vc

2

ē r
G12 j

v1vc
2

ē r
v1

vc
2v0

2

ē r

.
1

2p E
2`

`

dvej vt
1

ē r
(
n51

4
Un

v2Vn
, ~4!
of

f

whereē r[e r21/b2, Vn are the four zeros of the polynomia
at the denominator, and Un5(Vn

222 j Vnv1

2v0
2)/@PmÞn(Vn2Vm)#. This expression@Eq. ~4!# is one

of the important results of this analysis since it indicates t
the eigenmodes of the system are a combination of Cˇ erenkov
radiation and resonant mode. They are determined by
t

he

zeros of the fourth-order polynomial at the denominator
the integral that definesF(t).

We shall focus here on the case when the Cˇ erenkov con-
dition is satisfied, i.e.,e r.1/b2. Figure 1 illustrates the four
complex eigenfrequencies as a function of the Cˇ erenkov pa-
rameterē r for a radius ofR51.5 cm, resonant frequency o
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24 GHz, and the absolute value of the plasma frequenc
f p51 GHz ~recall that the population is inverted thusvp

2

,0). We observe that there is a region where the eigen
quencies have both positive and negative imaginary com
nents ~solid lines!; therefore the ‘‘hybrid mode’’ that is a
combination of the Cˇ erenkov radiation and the active m

FIG. 2. The electromagnetic field as a function of the de
parameter~t! with ē r as a parameter; the wake grows exponentia
when the imaginary part of the eigenfrequency has a negative c
ponent. In all three cases the population is inverted, yet only in
specific condition is the Cˇ erenkov radiation amplified; this corre
sponds toē r50.1 ~see Fig. 1!.
is

e-
o-

dium mode may grow in space. In other words, Cˇ erenkov
radiation may be amplified by the active medium. Usi
Cauchy residue theorem and bearing in mind that causa
implies that there is no electromagnetic signal in front of t
particle we obtain

Az~r ,t[t2z/v !.
q

4pe0ē rR
2 F 2

J1~p1!G
2

J0S p1

r

RD
3 (

n51

4

Re@ jU nej Vnt#h~t!, ~5!

whereh(t) is the step function. Figure 2 illustrates this la
quantity as a function of the delayed time variable (t[t
2z/v) with ē r as a parameter; the wake grows exponentia

y

m-
e

FIG. 3. Left: Imaginary part of the eigenfrequency as a funct
of the ‘‘slippage’’ (ē r5e r2b22). The corresponding population
inversion, expressed in terms of the plasma frequency, is a pa
eter. Note that for different population inversions,ē r practically
does not change; however the growth rate does increase—a
pected. An increase by a factor of 9 in the population invers
density leads to an increase by a factor of 3 in the growth r
Right: Imaginary part of the eigenfrequency as a function of
‘‘slippage’’ ( ē r5e r2b22). The cutoff frequency of the waveguid
is a parameter. At large-waveguide radius~low cutoff! the growth
rate is large and it occurs in a narrow range of velocities.



g
te

th

a
um
e

n-
er
is
s
c

el
th
b

tio
ti
e
th
o
th
a
n

d-

-

hey

id-

of

nc
a
f
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when the imaginary part of the eigenfrequency has a ne
tive component. In all three cases the population is inver
yet only in a specific regime (ē r50.1), indicated by Fig. 1
that the frequency has an imaginary part, the Cˇ erenkov ra-
diation is indeed amplified.

The two frames in Fig. 3 illustrate the dependence of
imaginary part of the eigenfrequency as a function ofē r with
the cutoff frequency and the population inversion density
a parameter. The former shifts the velocity where maxim
growth occurs—the higher the cutoff frequency, the high
the particle’s velocity required. Varying the population i
version, amplification may occur for a wider range of en
gies of the driving particle: when the population inversion
small, the growth rate is both narrow and low; its increa
causes both larger growth in a wider range of driving bun
energies.

After presenting the main characteristics of a wake fi
as it propagates in an active medium, we shall examine
interaction of a bunch of particles that are accelerated
such a wake field. Specifically we examine the accelera
process, emittance variations, and phase-space distribu
For the purpose of this model, several assumptions ar
place: first, we ignore the accelerated particles effect on
local electromagnetic field. Second, the bunch is small
scale of one wavelength and variations of the field due to
active medium at the location of the accelerated bunch
negligible; therefore, the electromagnetic field compone
are given by

FIG. 4. The emittance and the average energy of the bu
along the interaction region. The parameters of the simulation
presented in the Table I. Note the dependence on the energy o
driving bunch in 4 m of interaction length.
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Ez~r ,z,t !5E0 cos@vR~ t2z/cbd!#,

Er~r ,z,t !52
1

2bd
S vR

c
r DE0 sin@vR~ t2z/cbd!#,

Hf~r ,z,t !52
1

2bd
S vR

c
r D E0

h0
$sin@vR~ t2z/cbd!#

2d cos@vR~ t2z/cbd!#%, ~6!

wherevR is the real part of the eigenfrequency correspon
ing to the growing wave andbd is the normalized velocity of
the driving bunch; h0[Am0 /e0, d[v I /vR

1vp
2/(2e rv IvR), andv I is the imaginary part of the eigen

frequency.
We may now determine the dynamics of electrons as t

move in an active medium,

d

dz
Px,i5

1

2
EgXiF S 1

bg
2e r

Pz,i

g i
D sinx i1e r

Pz,i

g i
d cosx i G

1EscXi S 1

^Pz,i /g i&
2

Pz,i

g i
D ,

d

dz
Py,i5

1

2
EgYiF S 1

bd
2e r

Pz,i

g i
D sinx i1e r

Pz,i

g i
d cosx i G

1EscYi S 1

^Pz,i /g i&
2

Pz,i

g i
D ,

d

dz
Pz,i52EgFcosx i2

Xi1Yi

bd
sinx i G ,

d

dz
x i512

1

bd

Pz,i

g i
,

d

dz
Xi5

Px,i

g i
,

d

dz
Yi5

Py,i

g i
,

d

dz
Zi5

Pz,i

g i
. ~7!

Here g i[@11Px,i
2 1Py,i

2 1Pz,i
2 #1/2, Eg[eE0 /mcvR , z

[vRt, the location (xi ,yi ,zi) of each particle is normalized
to the radiation wavelengthXi5vRxi /c, Yi5vRyi /c, and
Zi5vRzi /c. The dc space-charge effect is taken into cons
eration assuming a bunch of radiusRb and currentI; hence
Esc[eIh0/2pmc2(vRRb /c)2 and ignoring the medium.

Figure 4 illustrates results from a numerical solution

h
re
the

TABLE I. Parameters for the simulation.

Number of electrons in the bunch Nb5109

Radius of the bunch Rb51 mm
Simulation duration zmax5200
Intial phase distribution ux i2pu,Dx/25p/36
Number of macroparticles in the
simulation

Np51000

Accelerating gradient Ez5100 MV/m, 1 GV/m
Initial electrons energy Eb5100 MeV, 1 GeV
Driving bunch energy Ed510 MeV 20 MeV
Resonant frequency f R524 GHz
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FIG. 5. Transverse phas
space at the output for the fou
cases illustrated in Fig. 4. Note
that for a given driver energy
(Ed), the shape of the phase spa
is conserved but the scale differs
When changing the energy of th
driving bunch, both the shape an
the scale vary.
th
t
th

in
p

ial
in-

rom
en
this set of equations. We calculate the emittance and
average energy of the bunch along the interaction region;
parameters of the simulation are presented in Table I. At
input, the gradient (Eg) is either 0.1 or 1.0 GV/m and it is
assumed that the emittance is vanishingly small. As the
teraction progresses we observe that beyond a ‘‘build-u
e
he
e

-
’’

region, the emittance is virtually independent of the init
energy of the accelerated particles. However, a 100%
crease in the energy of the driving bunch (Ed), from 10 to 20
MeV, causes a 20% increase in the emittance namely, f
0.05p to 0.06p mm mrad. This fact was also observed wh
examining the transverse phase space (px,i ,Xi) at the output
r

f
ut
g
,
y.
.

g

FIG. 6. Longitudinal phase
space at the output for the fou
cases illustrated in Fig. 4. For a
given driver energy, the shape o
the phase space is conserved b
the scale differs. When changin
the energy of the driving bunch
both the shape and the scale var
The deceleration revealed by Fig
4 at low driver energy is readily
understood here while observin
the phase slippage of the bunch.
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in all four cases—Fig. 5. For a given energy of the drivi
bunch (Ed), the phase space is virtually identical, if the m
mentum of each particle is divided byg i . In the case of a
given gradient (Eg), but for different driving bunch energy
(Ed), there is a significant change in the phase space: d
bling Ed causes an increase by a factor of 10 in the transv
momentum of the particles.

The longitudinal phase space, Fig. 6, reveals the rea
that the average energy of the bunch~Fig. 4!, for a driving
bunch of 10 MeV, peaks after 2.5 m and afterwards dro
whenEd510 MeV the particles slip out of phase more ra
idly and at the end of the interaction region their phase
0.25p. That means that the particles are decelerated by
field. In the same distance the average phase of the acc
ated bunch (Eb520 MeV) has an average phase of 0.8p—in
both cases the initial average phase of the particles was 1p.

In conclusion, energy stored in an resonant medium
used to amplify the Cˇ erenkov radiation generated by a sm
um

E.

y,

y,

-
ys

.
.
et

.
,

d

.

as

B

u-
se

on

s:

s
he
ler-

is
l

driving bunch. It is shown that for a given resonant fr
quency, this amplification occurs in a relatively limited ran
of the driving beam energies; it is dependent on the guid
geometry and on the population inversion. A small te
bunch is injected in the medium at a location where
amplified radiation has reached values on the order of
MV/m ~or 1 GV/m! for the accelerating field. The emittanc
variation was examined, along the interaction of a 4-m-lo
section and for a beam of 1 nm radius. We found that star
from zero, it may increase to 0.05p–0.06p mm mrad inde-
pendent of the initial energy of the test bunch and slow
dependent on the energy of the driving bunch. Simulat
shows that the phase slip-page of the test bunch is sig
cantly dependent on the energy of the driving bunch.
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